We consider a two-point boundary value problem for the fourth order beam equation. New upper and lower estimates of positive solutions of the problem are obtained.
Introduction
This paper discusses the fourth order boundary value problem u (t) = f (t, u(t)), 0 < t < 1, (1.1)
2)
The equation (1.1) is often referred to as the beam equation. It models the deflection or bending of an elastic beam under a certain force. The conditions (1.2) mean that the beam is embedded at both ends t = 0 and t = 1. Fourth order two point boundary value problems have received a lot of attention in the literature due to their many applications in elasticity. For example, the problem (1.1)-(1.2) was investigated by Korman [3] , Kosmatov [4] , and Yao [7] . In 2005, Ma and Tisdell [5] (1/6)s 2 (1 − t) 2 (3t − s − 2st), if 0 ≤ s ≤ t ≤ 1.
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Then the problem (1.1)-(1.2) is equivalent to the integral equation
It is easy to see that
Throughout the paper we assume that
The purpose of this paper is to prove a type of upper and lower estimates of positive solutions for the problem (1.1)-(1.2). In this paper by a positive solution to the problem (1.
, and is such that u(t) > 0 for 0 < t < 1. Note that
Estimates of Positive Solutions
In order to give the new set of upper and lower estimates of positive solutions for the problem (1.1)-(1.2), we define the functions a :
It's easy to see that both a(t) and b(t) are continuous functions on [0, 1], and
Note that the expressions for a(t) and b(t) contain the fraction 27/4, whose purpose is to ensure that max 0≤t≤1 b(t) = 1. In this paper, we let the Banach space X = C[0, 1] be equipped with the supremum norm
We begin with several technical lemmas.
Proof. By mean value theorem, because
The proof is complete.
By the mean value theorem, since
Because u is concave upward, there exist α 1 ∈ (t 2 , β) and α 2 ∈ (β, s 2 ) such that u (α 1 ) = u (α 2 ) = 0, and
Since u (0) = u (1) = 0, there exists c ∈ (0, 1) such that u (c) = 0. It is easy to see that c ∈ (α 1 , α 2 ), u (c) < 0, and
Thus we proved that c is unique. Combining (2.3) with the fact that u(0) = u(1) = 0, we have u(t) > 0 for 0 < t < 1, and u(c) = max 0≤t≤1 u(t). This completes the proof of the lemma. 
One of the implications of Lemma 2.2 is that if
u ∈ C 3 [0, 1] ∩ C 4 (0, 1) satisfies (1.2) and (2.2), then either u(t) ≡ 0 on [0, 1], or u(t) > 0 for 0 < t < 1.
Bo Yang
Proof. In view of (2.4), there exists θ ∈ (0, γ ) such that w(θ) = 0. Because w(t) is concave downward, and because u(θ ) = u(γ ) = 0, we have w(t) ≤ 0 on (0, θ) and w(t) ≥ 0 on (θ, γ ). It follows that (t − θ)w(t) ≥ 0 for 0 ≤ t ≤ γ , which implies that
2) and (2.2), and
Let c be the unique zero of u in (0, 1), and let
Proof. It is obvious that Proof. We let p(t) = −u (t), 0 ≤ t ≤ 1. From the proof of Lemma 2.2, we see that p(c) > 0 and p(1) < 0.
Claim. p (c) ≤ 2p(c)/c. Proof of the claim. Assume the contrary that p (c) > 2p(c)/c. Then, because p(t) is concave downward, we have p (t) ≥ p (c) > 2p(c)/c for t ∈ [0, c).
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Therefore, for each t ∈ [0, c), we have On the other hand, we have
which is a contradiction. The proof of the claim is complete. 
In view of (2.9) and (2.10), we have
We see from (2.6), (2.8), and (2.11) that
Simplifying, we get c < 2/3.
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To show that c > 1/3, we let
Since c is the unique zero of u in (0, 1), 1 − c is the unique zero of v in (0, 1) . From the early portion of the proof, we see that 1 − c < 2/3. It follows immediately that c > 1/3. The proof is complete. Lemma 2.5 is an interesting result in its own right.
2), and (2.5). Let c be the unique zero of u in (0, 1). Then
Proof. If we define h(t) = u(t) − (27/4)t
From the above equations it is easy to verify that
In 
In either case, we have h(t) ≥ 0 for 0 ≤ t ≤ c. The proof is complete.
2), and (2.5), then
Proof. Let c be the unique zero of u in (0, 1). If we define
To prove the lemma, it suffices to show that h(t) ≥ 0 for 0 ≤ t ≤ 1/3. Note that 1/3 < c < 2/3. We see from the proof of Lemma 2.2 that u(1/3) < u(c), u (0) > 0, and u (1/3) > 0. It is easy to check that 
